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We uplift the static three dimensional black hole solution found by Banados, Teitelboim and Zanelli
(BTZ) into four dimensional space time. In this way we obtain a new black string solution with a
relativistic string source, as well as a new black hole solution which is also generated by a relativistic
\stringy" source. It is shown that when passing continuously from the region of the one dimensional
parameter spaces which characterize these solutions, containing naked singular strings or naked
singular \points", and into the region containing black strings or black holes, the metrics \blow
up" at a critical point in both parameter spaces. In the case when we have a single string source
some of the coordinates used are also forced into the complex plane in order to preserve the space
time signature in such a process. This represents eective \barriers" which separate the naked
singularities from the black string and black hole sectors. We also show, using a special property
of three dimensional Einstein gravity, that a similar \separation" mechanism also exists in three
dimensions. This oers an hitherto missing technical argument needed in order to exclude the
naked singularities (the \mass gap") from the space of \physically admissible" solutions in three
dimensional Einstein theory coupled to a negative cosmological constant.
PACS nos.: 04.40.Nr , 04.20.Cv
It is somewhat surprising that a black hole solution ex-
ists in three dimensional (3D) Einstein gravity coupled to
a negative cosmological constant [1] (the BTZ solution).
This solution has received an immense attention since it
was rst published. The possibility to construct a black
hole in 3D, even though localized sources do not curve
their exterior in 3D, is coupled to the existence of an
angle decit outside any localized gravitating object in
3D. Such a decit induces a \conic" geometry in spatial
sections. Hence, even though the Riemann curvature is
unaected by the presence of such sources, the cone will
induce a \residual" gravitational eect such that light
rays passing by such a source are deflected. A singular
point source in 3D anti de-Sitter (AdS) space will give
rise to a black hole depending on the amount of resid-
ual focusing which is induced by the source. When M
is a \natural" mass measure, a point source in 3D AdS
space gives rise to a black hole when M > 0, and a naked
singularity when −1 < 8GM < 0. This last interval was
identied as a \mass gap" in [1]. 8GM = −1 corresponds
to the pure AdS vacuum, and M = 0 is identied with
the black hole \ground state". The static BTZ solution
is in polar coordinates explicitly given by
ds2 = −Bdt02 + B−1dr02 + r02d02 (1)
where B = −8GM + j (3)jr02, with M representing the
\mass" of the black hole, and (3) is the 3D cosmological
constant. It is also assumed that 0  0  2. We will
in the following set the gravitational coupling constant
in 4D to unity, while we will keep the three dimensional
analog G explicitly in 3D. Greek indices will in general
refer to 4D, (a; b; :::) to 3D while (m; n; :::) are reserved
for 2D quantities.
In [1] the mass gap was excluded from the \physical
spectrum". This of course is naturally motivated since
naked singularities are, for various reasons, troublesome
in general. However, in [1] this exclusion of the mass
gap from the space of physically admissible solutions was
done \by hand". In fact, it is nothing in the equations
themselves which compel us to accept such a conclusion.
The purpose of the present study is to cast some light
upon this issue. We do this by uplifting the static BTZ
solution into 4D. We obtain a black string, and a new
spherical symmetric black hole solution in this way. Each
solution is fully characterized by a one dimensional pa-
rameter space (at a xed cosmological constant). Even
though these solutions are very dierent globally, they
display a common behavior near critical points P in the
associated parameter spaces, corresponding to the point
M = 0 in the BTZ solution. In both cases it is impossi-
ble to go continuously from the black string/hole sector,
and into the sector exhibiting naked singular strings or
naked singular \points". At the points P the metrics
blow up, and in the case of a single string source (in
addition to an anisotropic cosmological constant) some
of the coordinates used are also forced into the complex
plane. Hence, in 4D the black string/hole sectors is ef-
fectively separated from the naked singularity sectors. It
is shown that a similar mechanism can be implemented
in 3D by utilizing the fact that the metric induced by a
point singularity in 3D is uniquely determined by the eld
equations only up to a constant undetermined factor. Our
approach thus provides one analytical avenue which can
be followed in order to exclude the naked singularities
from the \physical spectrum" also in 3D.
Our presentation is organized as follows. We next
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present, and to some extent discuss, the stringy black
string and stringy black hole solutions. We then \im-
plement" the naked singularity-black hole \separation"
mechanism in 3D. At the end we also speculate on the
signicance of our ndings to the general understanding
of the BTZ black hole \ground state".
We will rst describe in some detail our general con-
siderations which are important in our derivations of new
black structures in 4D. Our philosophy is rather straight
forward. We ask simply what kind of structures in 4D,
with the extra spatial dimension being an isometrical di-
rection, allows for the BTZ solution to be found as an
hyper surface; that is, a test particle moving in such a
surface should not be \able" to tell whether it is moving
in a true 3D BTZ space or in 4D. Since our investigation
is primerely aimed at casting some light on the mass gap
issue, we will also demand that the mechanism for the
existence of new black structures in 4D is essentially the
same as in 3D.
Let us now endow 4D space time with a slicing dened
by a space like vector eld ~n, which is orthonormal to
each surface in the slicing. Let us also denote the coordi-
nate in the new spatial dimension in 4D by , such that
each hyper surface  in the slicing is characterized by
~n().  may take any value in <, or in a compact sub
set of <. We parameterize each  surface with coordi-
nates fxcg = ft; r; g. Let the geometry in each  be
denoted by hab. If ha0b0 is the geometry in 3D then a sim-
ple embedding of the BTZ solution into any  is given
by  : fxc
0
g ! fxc = cxc
0
g ; (ha0b0) = hab where
we allowed for three arbitrary and non zero constants
ft; r; g  fcg in the coordinatization in 4D. We
will x these constants in our explicit constructions later
in this paper. Since we have two commuting Killing vec-
tors in the 3D geometry (~ = @t0 ; ~ = @0), and since 
maps ha0b0 isometrically into hab, we will also have these
vectors present as Killing vectors in the 4D geometry.
Clearly, since ~n is taken to be hyper surface orthonormal
we have the following simple isometry algebra in 4D :
[~; ~] = [~; ~n] = [~; ~n] = 0. The 4D Ricci scalar (4)R can
be written




h(Kab − Khab) ; Kab = na;b, and (3)R
denotes the 3D Ricci scalar, and hab = gab − nanb the
induced metric in . It is easy to see that the following
relation holds true
2ab _hab = 2Nh
−1=2(2abab − 
2) (3)
Since ~n is assumed to be a Killing vector we have _hab =




2 = 0. Hence, when
conned to a xed  hyper surface we get back the
Einstein-Hilbert action in 3D. This is a necessary but
certainly, as we will see later, not a sucient condition
to be met in order to get the BTZ solution in . Let us
now turn to some explicit constructions.
Stringy black string: We will rst consider possibly
the simplest, and in some sense most natural, uplifting
of the BTZ solution, namely when the uplifted struc-
ture can be interpreted as a relativistic string. It is well
known that there exists an intimate relation between the
geometries induced by a singular relativistic string in 4D,
and the geometry induced by a point particle in 3D [2].
We will therefore demand as a further constraint, that
when the cosmic fluid is set to vanish we will get back
the geometry induced by such a string. The geometry of




(−dt2 + dr2 + d2 + (1 − 4)2r2d2) (4)
where  is the (ADM) energy per unit length along the
string. This geometry reflects the dening property of
such a string source, namely \Lorentz" invariance along
the string axis [3,4]. The line element eq.(4) is clearly
singular at  = 14 , and it changes signature when  >
1
4 .
This behaviour will be the key to the naked string - black
string separation mechanism as we will see below. We
may \get rid" of the \conformal" factor in this expression
by passing to other coordinates dened by T = (1 −
4)−1=2t ; R = (1−4)−1=2r and Z = (1−4)−1=2, such
that the geometry can be written in the more familiar
form
ds2 = −dT 2 + dR2 + dZ2 + (1− 4)2R2d2 (5)
The cosmic \fluid" given by
8T  = −
(4)− 2 (4) Z
Z
 ; (6)
which describes an eective 4D (anisotropic) cosmologi-
cal constant, allows the following geometry to be induced
ds2 = −Udt02 + U−1dr02 + r02d02 + dZ2 (7)
U = ~ + j (4)jr02, and ~ is some integration constant.
When (4) is set to vanish we want to get back a rela-
tivistic string. This constraint implies that ~ = 1 − 4,
t0 = ~−1t, r0 = r, 0 = ~1=2. These relations fully spec-
ify the transformation  above. The resulting geometry











+ ~2r2d2 + d2) (8)
We may also identify (4) = (3). It is clear that eq.(8)
also can be derived by a direct integration of the eld
equations such that we would have fcg = f1g. This
point will be illustrated when we come to the stringy
black hole below. Comparing eq.(1) with eq.(7) we nd
that the mass parameter M in eq.(1) can be written in
terms of  as 8GM = (4 − 1). The above line element
describes a naked singular relativistic (cosmic) string em-
bedded into AdS space. This line element has the correct
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signature provided  < 1
4
. However, the line element is
clearly singular at  = 14 , and it displays a serious signa-
ture problem when  > 14 . In order to have a physically
acceptable geometry in the  > 14 sector we must move
 and  into the complex plane through the assignments
 ! i and ! i. In these \complex" coordinates the
metric is perfectly acceptable, and it describes a black
string for all values  > 14 . Clearly, at  =
1
4 the geome-
try still remains singular. This is an interesting demon-
stration of an \absolute" separation of the solution space
into a naked singularity sector and a black string sector.
 is the ADM mass per unit length of the string in four
dimensions [4], and it might therefore look a somewhat
\suspicious" to associate M directly with . However,
this association may be given a rmer basis by explicitly
computing the ADM mass of the BTZ solution. The













where K  K − K0. The hamiltonian of the refer-
ence background (represented by K0) has been taken
into account in this expression. The hamiltonian con-
straint H and momentum constraints Ha, which stem
from the variation of the lapse function N and shift
functions Na respectively are, as usual, given by H =
(3)R(hab) − 2 (2)R(hmn) = 0, Hn = Dm(h−1=2mn) = 0.
D represents the projection of the three dimensional co-
variant derivative into St0 , and hmn is the induced ge-
ometry in this hyper surface. The total (ADM) energy
E for a solution associated with the time translation












The action principle can be restricted to a class of elds
possessing a time like Killing vector eld @t0 and a ro-
tational Killing vector eld @0 . Following [1], we may
select a gauge such that the line element may be written
ds2 = −N2dt02 +N−2dr02 + r02(d0 +N
0
dt0)2 (11)






0 = − J2r02 where l
−2 = − (3).
This is the general stationary BTZ solution. The two
integration constants M and J have been interpreted as
the mass and the spin of the black hole, respectively. In
the following we focus on the static case in which J = 0.
To match the intrinsic geometry with the reference ge-
ometry, which we take to be AdS space, we consider
a large circle at r0 = r00. In the current situation we
naturally choose na = (0; N
−1; 0) ; na = (0; N; 0). We
thus obtain ht0t0 = gt0t0 = −N2, h00 = g00 = r02 and




0N). Calculating the trace of the extrinsic
curvatures at r0 = r00, setting N
a = 0 and substituting
into eq.(10) yields 4GE = 8GM + 1. Hence, our rela-
tion between M and  which we derived by comparing
two solutions in two dierent dimensions is indeed viable
provided that E is identied as the mass per unit length
along the string.
Stringy black hole: A natural question is whether it
is possible to uplift the BTZ solution in such a way that
we get a spherically symmetric black hole. Since our
aim is to understand some features in 3D it is natural to
ask whether it is possible to nd such a solution using
relativistic strings. Surprisingly, this is not a dicult
task. One possibility is the following four-geometry












where dΩ22 = d
2 + sin2 d2 is the innitesimal surface
area on S2, i.e.  2 [0; ],  and q are two independent
integration constants and fcg = f1g. The source for
this geometry is, in addition to the usual (isotropic) cos-
mological constant, the \fluid"   T t t = T r r =
(q−1)
8r2
and we may identify 3 (3) = (4). This source has the
same boost invariant structure as the singular relativis-
tic string source we considered earlier [4]. Also note that
! 0 as r!1, such that we asymptotically get back to
the pure AdS vacuum. The canonical mass measure ~M
for this source is given via d ~M = 12(1 − q)dr  ~dr.
~=(4) is therefore a natural measure of the constant
mass per unit length along a radially directed ray, again
in direct analogy with the singular string. Also note that
this source does not break the weak energy condition
provided that q  1. We will demand that when the cos-
mological constant is set to vanish the Lorentz invariance
of the source is reflected in the induced geometry. This
constraint is also fundamental in order to construct the
geometry induced by a string [4]. This constraint xes
2 = q−2 = (1 − 2~)−2. Hence, when passing from the
~ < 1
2
sector and into the ~ > 1
2
sector the metric blows
up at ~ = 12 . This is very similar to what happend in
the single string case, although the singular behaviour is
less severe in this case since no coordinate is forced into
the complex plane. In order to compare our mass mea-
sures with the one dened by BTZ we now feel condent
to just write 8GM = −q = (2~ − 1). Due to the close
analogy between this source and the properties displayed
by a relativistic string, we will look upon this source as
the continuum limit of a system of radially directed rel-
ativistic strings piercing through a common origin.
A mechanism in 3D: In this communication we
have so far constructed two structures with very dierent
global geometric symmetries, but in which one nds the
BTZ solution as sub spaces. We have shown that when
both of these systems were considered constructed from
relativistic strings, and that a typical (dening) geomet-
ric symmetry displayed by such strings also is encoded
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in the induced geometries, the sectors of the solutions
presented exhibiting event horizons, are separated from
the sectors exhibiting naked singularities. However, our
results are in 4D. Is there a similar mechanism in 3D
? The essential mechanism in 4D is not coupled to the
presence of a cosmological constant. We are then led to
focus on the geometry induced by a single point source
in 3D without a cosmological constant. Starting from the
general metric assumption
ds2 = −e2dt02 + e2dr02 + r02d02 (13)
it follows from the vacuum eld equations that  and 
must equal two independent constants 0 and 0. Us-
ing e.g. the ADM measure above, or by construct-
ing explicitly a source for this geometry, it follows that
e−20 = 1 − 4Gm where m is the ADM mass [4]. In 4D
and dealing with isolated sources which obey the energy
conditions some integration constants can be determined
by demanding that the asymptotic structure is exactly
Minkowski. In 3D this is impossible since the conic decit
extends to space like innity. However, we may neverthe-
less demand as a very natural constraint that some key
features of the \Minkowski constraint" in 4D also ap-
plies in 3D. One key ingredient in this condition is that
the asymptotic geometry is \boost invariant" in the ra-
dial direction, i.e. photons moving along a d0 = 0 ray is
made to be moving such that dt0=dr0 = 1. In our case




(−dt02 + dr02) + r02d02 (14)
Clearly, this geometry displays a serious singularity prob-
lem at Gm = 1
4
, very much like the string in 4D. De-
manding that the BTZ solution reduces to eq.(14) when
(3)! 0, it follows that the BTZ solution must be writ-
ten as
ds2 = −e40Fdt02 + +F−1dr02 + r02d02 (15)
where F = e−20 + j (3)jr02. It is straight forward to
check by explicitly integrating the eld equations that the
extra factor e40 indeed represents an allowed integration
constant, which was left out in the original discussion [1]
due to the more restrictive gauge choice eq.(11). Note
that the explicit form of this line element is exactly equal
to the  = const: hyper surfaces in eq.(12). It is some-
what surprising that the BTZ solution thus appears to be
more closely coupled to a spherically symmetric structure
than to a cylindrical symmetric structure in 4D.
We want to emphasize at this point that our consider-
ations are not to be understood as a direct criticism of
the ndings in [1,2]. Their results forced us to investigate
more carefully the possible role played by \natural" re-
quirements on the boundary conditions of the geometries
induced by certain sources in 3D and strings in 4D.
It is known that the angle decit appearing outside
a string (or particle in 3D) can be related to the Eu-
ler class of spatial sections of the associated geometries,




) can be seen to
have a topological origin [6,4]. It is a similar factor
which arises in the well known relation S  14A, relat-
ing the surface area of an isolated non-extremal black
hole to its Hawking-Bekenstein entropy S in 4D. At the
physical level we propose that the singular behaviour at
 (Gm) = 14 (or ~ =
1
2) is connected with the velocity of
light. This proposal is based on three observations. In
[7] it was observed that cylindrical spaces in 3D are as-
sociated with a massive particle with rest mass m0 and
boosted to the velocity of light in such a way that m0
is taken to zero in the process. Secondly, the action
for a test particle is S = −m0
R
d where d2 = −ds2.
We may get rid of the \conformal" factor in eq.(14) if
we are willing to introduce an eective mass parame-
ter m  m0(1 − 4Gm0)




, and the cylindrical spatial geometry appears.
This seems very similar to what happens when we try to
boost a massive particle with xed rest mass m0 to the
speed of light with m representing the boosted mass pa-
rameter. Thirdly, one anormal feature of the thermody-
namics of the BTZ solution (compared to more \typical"
black holes in 4D) is that the temperature T of the black
hole behaves as T 
p




. In our picture this behaviour can nat-
urally be explained as a red shift eect. One additional
and surprising implication of these simplistic considera-
tions is that a point source giving rise to a BTZ black
hole in some specic sense seems to be a tachyon. This
seems in particular to follow from the expression for m.
Hence the existence of the BTZ solution seems intimately
linked to the issue of the possibility for global causality
violation in 3D and 4D [8]. If these thoughts and ideas
still make sense after a careful study of these questions
they will hopefully help to further illuminate the charac-
ter of the BTZ black hole and its ground state, and the
nature of the Hawking-Bekenstein entropy measure.
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